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Abstract
This article studies the Bloch equations (BEs), which form a systemofmacroscopic equations used for
the simulation of nuclearmagnetization as a function of time, when the relaxation timesT1 andT2 are
given. These equations have been applied to describe nuclearmagnetic resonance (NMR), electron
spin resonance (ESR), andmagnetic resonance imaging (MRI). In this work, we present analytic
solutions to the fractional Bloch equations (FBEs). The fractional derivatives in the Bloch equations
under consideration are in the sense ofΦ-Caputo; we use theΦ-Laplace Adomian decomposition
procedure (Φ-LADP) to solve the FBEs. This procedure combines both theAdomian decomposition
andΦ-Laplace transformmethods. To explain the analytical solutions of the systemofΦ-Caputo
fractional Bloch equations (Φ-CFBEs) of the order ηwith known initial conditions, we apply the two-
dimensional and three-dimensional phase portraits.We compare these solutions by considering
diverse functions in place ofΦ(t) and values of 0< η� 1. Finally, to show the usefulness of our
proposedmethod, we discuss the advantages of the newmethod compared to the existingmethods for
solvingCaputo FBEs.

1. Introduction

The development of integral and differential operators of non-integer orders is closely related to the evolution of
integer-order calculus [1]. In recent years, fractional calculus has been extensively studied bymany researchers.
This is due to the fact that fractional derivatives are essential tools for describing the dynamical treatment of
different physical systems. The important feature of these differential operators is that, unlike the integer-order
differential operators, they are nonlocal. One of themost remarkable features of fractional differential equations
(FDEs) is their ability to describememory and effectively represent the properties of diversemathematical
models. Also, fractional-ordermodels aremore practical and exact compared to integer-ordermodels. In fact, a
fractional-order derivative provides a greater degree of independence in thesemodels. Derivatives of arbitrary
orders are strong tools for the study of the dynamical treatment of diverse biomaterials and systems.

So far, several fractional operators have been defined. The Riemann–Liouville, Caputo,Hadamard, Erdelyi–
Kober, Caputo–Hadamard, andCaputo–Erdelyi–Kober fractional operators are themost remarkable ones to
mention [2–5]. Also, theΦ-Caputo derivative introduced byAlmeida is the fractional derivative of a function
with respect to a functionΦ [6]. This fractional derivative is an extra efficientmeans tomodel diverse real-world
physical phenomena and has the ability to reveal concealed properties. Existence and uniqueness of the solution
to a FDE containing theΦ-Caputo derivative were obtained byAlmeida et al [7].

FDEs provide adequatemodels in branches such as diffusion processes, damping laws, and other physical
phenomena. Compared to integer-order differential equations, FDEs offer numerous advantages in the
simulation ofmain physical processes and dynamic systems [8–10].Many numericalmethods have been
developed in recent years to solve FDEs or fuzzy FDEs; examples include the operationalmatrix technique
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[11–13], the differential transform technique [14], the taumethod [15], and the variational repetitionmethod
[16]. Furthermore, somenumerical techniques have been developed for fractional equations containing theΦ-
Caputo derivative. These include themethod of operationalmatrix that uses theΦ-shifted Legendre
polynomials forΦ-FDEs [17], and theΦ-Haarwavelet technique [18].

Bloch equations are classical, integer-order differential equations that describe the precession of
magnetization and its relaxation in relation to space and time. BEs have been extensively used in physics,
chemistry, and particularly inNMR,MRI, andESR. Analysis of time-correlated data acquired fromMRI
requires amathematicalmodel to elucidate the correlation amongmeasurableNMRparameters and the
progression of disease, such as chemical transformations and diffusion invariants for specific pulse sequences, all
of which serve as critical inputs formodeling disease dynamics [19]. Diverse forms of fractional BEs have been
considered bymany researchers. For instance,Magin et al [20] applied theCaputo derivative to fractionate the
BEs.Moreover,Magin et al [21] proposed the BEswith ηth-order Riemann–Liouville fractional derivative. Also,
the authors of the present paper proposed the Bloch equationswith ηth-orderΦ-Caputo fractional derivative in
[22]. Recently, diverse techniques have been developed to approximate the solutions to Bloch equations and
fractional Bloch equations [20, 23–26].

Numerousmethods exist for solving FDEs, both analytically and numerically. In 1980, Adomian proposed
what is now known as the Adomian decomposition procedure. This is an effective technique for acquiring
explicit and numerical solutions to systems of differential equations considered in physical problems. The
Laplace transformmethod is a strong technique in appliedmathematics and engineering. Among the existing
methods, the Laplace–Adomian decomposition procedure has proven to be one of themost effective and
descriptive techniques for solving FDEs. This procedure is derived fromboth the Laplace transform and
Adomian decompositionmethods.More specifically, this technique can be applied to systems of nonlinear and
linear ordinary and partial differential equations of both fractional and classical orders. Recently, some studies
used the Laplace decompositionmethod to solve nonlinear fractional partial differential equations such as the
Kaup-Kupershmidt and fractional Caudrey-Dodd-Gibbon-Sawada-Kotera equations [27, 28]. For further
details on the Laplace–Adomian decomposition procedure and its applications in solving variousmodels of
integer and fractional differential equations, one can refer to the recent studies in [29–31].

In this paper, we concentrate on the coupling of the generalized Laplace transform (GLT) and the Adomian
decomposition procedure of FBEs. This results in a procedure which is as strong asΦ-LADP.Φ-LADPproduces
an analytical solution forΦ-FBEs in the formof a polynomial using only a few repeats. Also,Φ-LADP can solve
nonlinear problemswithout discretization and linearizationmethods. Using the generalized Laplace transform,
we transformFBEs to algebraic equations and decompose nonlinear sentences into sentences of Adomian
polynomials. This technique needs less computationwork, for this purposewe compare the central processing
unit (CPU) times required for obtaining solutions ofΦ-CFBEswith themethod ofΦ-LADP for diverse functions
in place ofΦ. In summary, we aim tofind solutions to systems ofΦ-Caputo FBEs by using theΦ-LADP and
MATLAB (R2023-a) software. Also, we compare the our results (for the case ofΦ(t)= t)with the exact solution
and some existingmethods for solvingCaputo FBEs.

The rest of this paper is organized as follows. The preliminaries of fractional calculus and generalized Laplace
transform, the introduction of Bloch equations, and different forms of fractional Bloch equations are provided
in section 2. TheΦ-LADPof a systemofΦ-CFBEs is presented in section 3. Also, in section 4, the obtained
results are given graphically. Eventually, the conclusions are presented in section 5.

2. Preliminaries

In this section, we present some essential definitions andmathematical preliminaries of fractional calculus,Φ-
CFBEs, and theGLTwhich are needed to establish our results.

2.1. Fractional calculus
In this subsection, we state the principal definitions and properties of the fractional derivative of a functionwith
respect to another one.

Definition 2.1. [32, 33] Let η> 0, [ ] c d,= be afinite or infinite interval, hä L1(c, d), and ( ) ( )t C c,1F Î +¥
be a strictlymonotone increasing function such that ( )tF  +¥as t→+∞, and ( )t 0F¢ ¹ . The fractional
integral of a function hwith respect toΦ is defined by

( )
( )

( )( ( ) ( )) ( ) ( ) h t t h d
1

, 1
c

t
, 1òh

x x x x=
G

F¢ F - Fh hF -
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here, ( ) e u duu
0

1òhG = h¥ - - is the knownGamma function. It can be conveniently verified that the case

( ) ( )t tlnF = gives ( ) ( ) h t h tH, =h hF that is theHadamard fractional integral and the case ( )t tF = gives
( ) ( ) h t h tRL, =h hF that is the classical Riemann–Liouville integral [5, 33]:

( )
( )

( )
 h t

t h
d

1
ln ,H

c

t 1

òh x
x
x

x=
G

h
h-

⎜ ⎟
⎛
⎝

⎞
⎠

( )
( )

( ) ( ) h t t h d
1

.RL

c

t
1òh

x x x=
G

-h h-

Definition 2.2. [34] LetAC[c, d] be the space of absolutely continuous functions on an interval [c, d]. Also,
suppose thatΦäCm[c, d] satisfies ( )t 0F¢ > on [c, d]. Then,

[ ] [ ] [ ]
( )

[ ] [ ]AC c d h c d h AC c d h
t

d

dt
h, : , and , ,

1
.m m m

m
1 1

1

=  Î =
F¢F F

-
F

-
-

 ⎜ ⎟
⎧
⎨⎩

⎛
⎝

⎞
⎠

⎫
⎬⎭

Definition 2.3. [6, 33] Let η> 0 and m Î . Also, assume that ( ) c d,= is the interval−∞< c< d<∞,
Φ(t)äCm(c, d) be an increasing and strictlymonotone function such that ( )tF  +¥as t→+∞, and

( )t 0F¢ ¹ . The fractional Riemann–Liouville derivative of a function [ ]h AC c d,mÎ F with respect toΦ is defined
by

( )
( )

( ) h t
t

d

dt
h t

1
.

m
m, ,=

F¢
h hF - F

⎜ ⎟
⎛
⎝

⎞
⎠

In otherwords,

( )
( ) ( )

( )( ( ) ( )) ( ) ( ) h t
m t

d

dt
t h d

1 1
, 2

m

c

t
m, 1òh

x x x x=
G - F¢

F¢ F - Fh hF - -
⎜ ⎟
⎛
⎝

⎞
⎠

here [ ]m 1h= + for h Ï , andΦ(k)≠ 0 for k= 2, . . . ,m.

It is to be remarked that when ( )t tlnF = , (2) becomes theHadamard fractional derivative.Moreover, forΦ
(t)= t, (2) reduces to the classical Riemann–Liouville derivative [1, 4, 5].

Definition 2.4. [6, 33] Let η> 0 and m Î . Also, suppose that ( ) c d,= is the interval−∞< c< d<∞, and
Φ(t)äCm(c, d) be an increasing and strictlymonotone function such that ( )tF  +¥as t→+∞, and

( )t 0F¢ ¹ . TheCaputo fractional derivative of a function [ ]h AC c d,mÎ F with respect toΦ is defined by

( )
( )

( ) ( ) h t
t

d

dt
h t

1
, 3C m

m
, ,=

F¢
h hF - F

⎜ ⎟
⎛
⎝

⎞
⎠

wherem= [η]+ 1 for h Ï  andm= η for h Î . For a succinct representation, we use the abridged symbol

( )
( ) ( )[ ]

t

d

dt
h t h t

1
,

m
m

F¢
= F⎜ ⎟

⎛
⎝

⎞
⎠

and rewrite (3) as follows:

( )
( )

( )( ( ) ( )) ( )[ ] h t
m

t h d
1

.C

c

t
m m, 1òh

x x x x=
G -

F¢ F - Fh hF - -
F

This is also known as theΦ-Caputo fractional derivative.

Definition 2.5. [1, 4, 5]The famousMittag-Leffler function Eη(p), and a usual generalization ofEη(p) introduced
byGostaMittag-Leffler andWiman, respectively, are defined by

R

R R

( )
( )

( )

( )
( )

( ) ( )

E p
p

j
p

E p
p

j
p

1
, , 0,

, , , 0.

j

j

j

j

0

,
0

å

å

h
h

h g
h g

=
G +

Î >

=
G +

Î >

h

h g

=

¥

=

¥





Here,R(η) andR(γ) denote the real parts of η and γ, respectively.
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Definition 2.6. [4, 35] Let A .n nÎ ´ Thematrix η-exponential function e zA
h is defined by

( )
[( ) ]

e z E z z
z

j
A A

1
,z

j

j
j

A 1
,

1

0
å h

= =
G +h

h
h h

h h
h

- -

=

¥

here, ⧹{ }z 0 , 0hÎ > .

Lemma2.7. [6] Let η> 0,m= [η] + 1 for h Ï ,m= η for h Î , k Î , and κ>m. Then

( ( ) ( )) ( )
( )

( ( ) ( ))

( ( ) ( )) ( )
( )

( ( ) ( ))





t c t c

t c t c

,

.C

, 1 1

, 1 1

k
k h
k

k h

F - F =
G

G +
F - F

F - F =
G

G -
F - F

h k k h

h k k h

F - + -

F - - -

2.2. TheΦ-Laplace transform
In this subsection, we remind the basic definitions and properties of the Laplace transformof hwith respect toΦ
and the inverse Laplace transformof hwith respect toΦ. This generalization of the Laplace transform is due to
Jarad andAbdeljawad [34].

Definition 2.8. [32] Suppose that h is a given function defined on [c,+∞)( )c Î  . The Laplace transformof h
with respect toΦ is defined by

{ ( )} ( ) ( ) ( )( ( ) ( )) h t H s e h t t dt s, .
c

s t cò= = F¢ ÎF

¥
- F -F 

In this paper, we also refer to this transform as theΦ-Laplace transform.

Definition 2.9. [32] Suppose that h is a given function defined on [c,+∞)( )c Î  . Then, the inverse Laplace
transformof hwith respect toΦ is defined by

{ ( )} ( ) ( )( ( ) ( )) H s h t
i

e H s ds x i
1

2
, 0, 1.

x i

x i
s t c1 2òp

= = > = -F
-

- ¥

+ ¥
F -F

Definition 2.10. [34]Ann-dimensional function [ ]h: 0, n¥   is said to be ofΦ-exponential order f> 0 if
there exist positive constantsM andT such that for all t>T,

    ( )h h Memax ,
i n

i
f t

1
=¥ ¥

F
 

i.e.

( ) ( )( )h t e as t .f t=  ¥F

Theorem2.11. [34] If [ )h: 0, ¥   is a piecewise continuous function and is ofΦ-exponential order f> 0, where
Φ is a positive increasing functionwithΦ(0)= 0, then theΦ-Laplace transform ofh exist for s> f.

Theorem2.12. [34] Let [ )h c, : ,F ¥   be real-valued functions, hereΦ(t) is continuous, ( )t 0F¢ > on [0,∞),
and the Laplace transform ofhwith respect toΦ exists. Then

{ ( )}( ) { ( ( ( )))}( ) h t s h t c s ,1= F + FF
-

here { } h is the classical Laplace transform of h.

Theorem2.13. [34] If the Laplace transform of [ )h c: ,1 ¥  with respect toΦ exists for s> f1 and the Laplace
transform of [ )h c: ,2 ¥  with respect toΦ exists for s> f2, then for arbitrary constantsα and β, theΦ-Laplace
transform ofαh1+ βh2 exists and

{ ( ) ( )}( ) { ( )}( ) { ( )}( ) { }  h t h t s h t s h t s for s f f, max , .1 2 1 2 1 2a b a b+ = + >F F F

Lemma2.14. [34]Table 1 presents theΦ-Laplace transform of some elementary functions.

Theorem2.15. [34] Let η> 0, [ ] c d,= be a finite or infinite interval and h AC mÎ F for any d> c. Then,

{( )( )}( ) { ( )} ( )( ) ·[ ]  h t s s h t s h cC

l

m
l l,

0

1
1å= -h h

F
F

F
=

-
- -

F
⎡
⎣⎢

⎤
⎦⎥

2.3. Bloch equations
In this subsection, we introduce classical Bloch equations and some fractionalmodels of Bloch equations. The
realization of BEs provides us a basic framework for explainingmagnetic resonance phenomena, and dynamic
balance and facilitating breakthroughs in various fields such as quantumphysics,medical diagnostics, and
matters characterization [36, 37]. Classical Bloch equations, introduced by Felix Bloch in his work [38]
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published in 1946, can bewritten as

( ) ( ) ( )

( ) ( )
( )

( ) ( ) ( )

DN t N t
N t

T

DN t N t
N t

T

DN t
N N t

T

,

,

, 4

x y
x

y x
y

z
z

0
2

0
2

0

1

l

l

= -

=- -

=
-

subject to initial conditionsNx(0)=Nz(0)= 0 andNy(0)= 100.Here,Nx(t),Ny(t), andNz(t) denote the system
magnetization at the components x, y, and z, respectively,N0 stands for balancemagnetization,λ0 signifies
resonant frequency introduced by the Larmor relationλ0= γB0, hereB0 represents a staticmagnetic field in z-
componentwhich is constant in time and

2

g
p
=42.57 MHZ

Tesla
is the gyromagnetic ratio forwater protons. Also,T1

andT2 illustrate the spin-lattice and spin-spin relaxation times, respectively.
So far, some fractional variants have been suggested for the BEs.Magin et al [20] introduced the FBEs

( ) ( ) ( ) ( ) *N t N t
N t

T
, 5C

x y
x

0
2

l= -
¢

h

( ) ( )
( )

( ) *N t N t
N t

T
, 6C

y x
y

0
2

l= - -
¢

h

( ) ( ) ( ) N t
N N t

T
, 0 1, 7C

z
z0

1

h=
-

¢
<h 

with initial conditionsNx(0)=Nz(0)= 0, andNy(0)= 100, where C h is the Caputo fractional derivative of

order η. Also, *0 0

2
1l = l

sh- ,
T T

1

1

1
1

1
= s

¢

h-

and
T T

1

2

2
1

2
= s

¢

h-

have the same unit ( )sec h- , andσ1,σ2 are fractional time

constants to retain a consistent set of units for themagnetization. This pattern is used to study the spin dynamics
andmagnetization relaxation in the ordinary instance of a singular spin particle at resonancewithin a stationary
electromagnetic field. Velasco et al [39] introduced another variant of fractional Bloch equations.Moreover,
several fractional generalizations of BEs incorporating a delay have been proposed [20, 40–44].

Theorem2.16.TheCaputo FBEs (equations (5), (6), and (7)) can be rewritten as

( ) ( ) ( ) ( ) G t G t Q tA , 8C = +h

( ) ¯ ( ) ( )G N0 0 , 9=

where

( )
( )
( )
( )

( ) ¯ ( )

*

*G t

N t
N t

N t

Q t NA,

0

0

0 0

,

0
0 , 0

0
100

0
.

x

y

z

T

T

T

N

T

1
0

0
1

1

3 3

2

2

1

0

1

l

l= =

-

- -

-

Î = =

¢

¢

¢
¢

´
⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

⎡

⎣

⎢
⎢
⎢
⎢

⎤

⎦

⎥
⎥
⎥
⎥

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

⎡

⎣
⎢

⎤

⎦
⎥

equations (8), (9) have a unique solution as follows:

( ) [ ( ) ¯ ( )] ¯ ( )

( ) [ ( ) ] ¯ ( )

( )

( )

G t e Q N d N

e Q d t E t I N

A

A A

0 0

0 .

t
t

t
t

A

A

0

0
, 1

ò

ò

t t

t t

= + +

= + +

h
t

h
t h

h h
h

-

-
+

Proof. See [4, 35]. ,

Table 1.Generalized Laplace transformof some functions.

h(t) { ( )} ( ) h t H s=F

1 s, 0
s

1 >

( ( ) ( ))t cF - F h R( )( ) s, 0, 0
s

1
1 h > >hG +

h+

eλΦ( t) s,
s

1 l>
l-

( ( ( ) ( )) )E t ct F - Fh
h R( ) ∣ ∣, 0, 1s

s s

1
h > <

t
t

-

h

h h

-

( ( ) ( )) ( ( ( ) ( )) )t c E t c1
, tF - F F - Fg

h g
h- R( ) ∣ ∣, 0, 1s

s s
h > <

t
t

-

h g

h h

-
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Ageneralization of FBEs (Φ-CFBEs)has been presented and solved in [22] as follows:

( ) ( ) ( ) ( ) *N t N t
N t

T
, 10C

x y
x,

0
2

l= -
¢

h F

( ) ( )
( )

( ) *N t N t
N t

T
, 11C

y x
y,

0
2

l= - -
¢

h F

( ) ( ) ( ) N t
N N t

T
, 0 1. 12C

z
z, 0

1

h=
-

¢
<h F 

Where, the initial conditions areNx(0)=Nz(0)= 0, andNy(0)= 100. Also, *0 0

2
1l = l

rh-
,

T T

1

1

1
1

1
=

r
¢

h-

and
T T

1

2

2
1

2
=

r
¢

h-

have the same unit ( )sec h- . The fractional time constants ρ1, ρ2 are used to retain a consistent set of units for the
magnetization.

3.Φ-LADP for the systemofΦ-CFBEs

The aimof this section is to discover the analytic solutions forΦ-CFBEs using theΦ-Laplace Adomian
decomposition procedure. Certainly, both the Adomian decomposition and generalized Laplace transform
methods are powerful tools forfinding solutions of FDEs.

Theorem3.1.TheΦ-Caputo FBEs (equations (10), (11) and(12)) can be rewritten as

( ) ( ) ( ) ( ) G t G t Q tA , 13C , = +h F

where

and

*

*
B ,

T

T

1
0

0
1

2

2

l

l
=

-

- -

¢

¢

⎡

⎣

⎢
⎢

⎤

⎦

⎥
⎥

with initial conditions

( ) ( )
( )

N N
N

0 0 0,
0 100.

x z

y

= =
=

Here, 0<η� 1. Also, *0 0

2
1l = l
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,

T T

1

1

1
1

1
=

r
¢
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and
T T

1

2

2
1

2
=

r
¢

h-

have the solutions

( )
( )
( ) [ ( ( ) ( )) ]

( ) ( )
( )

( ( ) ( ))
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E t c

N t
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T
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k
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, 1,

x

y

z
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m
k

k
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,1

1 1

1 0

1
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= = F - F
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G +

"
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h

h

=

¥

=

+ 

⎡
⎣⎢

⎤
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where M 0
100

= ⎡
⎣

⎤
⎦
is the vector of initial conditions,Nx(0)= 0 andNy(0)= 100.

Proof.To gain the solutions ofNx(t) andNy(t), we apply theGLT, using theorem2.15, to equations (10) and (11)
as follows.

{ ( )} { ( ) ( )}

{ ( )} { ( ) ( )}
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Now, by using the inverse generalized Laplace transformwe obtain
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According to the Adomian decomposition procedure, we assume
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Then, using series, the equations (15) can be rewritten in the form
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Therefore, the systemof equations (16) leads to the recursive algorithmdefined by
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We rewrite the recursive relations (17) and (18)using theorem2.13 and lemma 2.14 as follows.
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Eventually, when the described algorithm is enough stated, one obtains the closed-form solution
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To obtainNz(t), we use the samemethod. First, we apply theGLT to the both sides of equation (12) to obtain
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we obtain
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Then, the relation (20) leads to the recursive relation
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By rewriting the system (21), we obtain
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We summarize equations (22) as
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Figure 1.Plots of theNx(t) solution of the systemof equations (13) usingΦ-LADP for different functions ofΦ(t) and η= 0.99, 0.7,
( )T ms202¢ = h ,Nx(0)= 0, * 10l = .
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Figure 2.Plots of theNy(t) solution of the systemof equations (13) usingΦ-LADP for different functions ofΦ(t) and η= 0.99, 0.7,
( )T ms202¢ = h ,Ny(0)= 100, * 10l = .

Figure 3.Plots of theNz(t) solution of the system of equations (13) usingΦ-LADP for different functions ofΦ(t) and
η= 0.99, 0.95, 0.8, ( )T s11¢ = h,Ny(0)= 0,N0= 100, * 10l = .
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By using the relations (19) and (23), we get the solutionNz(t):
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4. Results and discussion

In this section, the analytical results are investigated for the systemofΦ-CFBEs.We graphically explain these
results for diverse functions in place ofΦ(t) and different values of η usingMATLAB, and represent the
dynamical behavior of the systemby two-dimensional phase portraits and three-dimensional phase portraits.
Then, we compare the exact and approximate solutions of equations (13) (for the case ofΦ(t)= t) obtained by
ourmethod and the proposedmethods in [26], [43], and [25]. Also, we compare themaximumabsolute error
(MAE) thementionedmethods forΦ(t)= t, and η= 1. Finally we compare the elapsed times to obtain the
solution of system (13) by ourmethod for diverse functions in place ofΦ.

Figure 4.The two-dimensional phase portraits solutions of system (13),Nx(t), andNy(t), for different values of η and different
functions ofΦ(t) for ( )T ms202¢ = h ,Ny(0)= 100,Nx(0)= 0, * 10l = . The spiral trajectories illustrate the decay of the transvers
magnetization components in the complex plan. The decay in transversemagnetization increases by reducing the fractional derivative
order.
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In the structure of all the figures, the following parameters have been applied to solve the systemof
equations (13).

( ) ( ) *T s T ms N1 , 20 , 100, 1.1 2 0 0l¢ = ¢ = = =h h

Figure 5.The three-dimensional phase portraits of the solution of system (13), for different values of η andΦ(t)= twith initial
conditionsNx(0)=Nz(0)= 0, Ny(0)= 100 and ( )T s11¢ = h, ( )T ms202¢ = h, * 10l = converging to the balance valueN0. It is evident
that reducing the value of η serves as a stabilizingmechanism for the systemdescribed by equations (13).

Figure 6.The three-dimensional phase portraits of the solution of system (13), for different values of η andΦ(t)= t2 with initial
conditionsNx(0)=Nz(0)= 0, Ny(0)= 100 and ( )T s11¢ = h, ( )T ms202¢ = h, * 10l = converging to the balance valueN0. It is evident
that reducing the value of η serves as a stabilizingmechanism for the systemdescribed by equations (13).
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Figures 1 and 2 showdecaying oscillations ofNx(t) andNy(t) forΦ(t)= t,Φ(t)= t2, andΦ(t)= e twith
different values of η= 0.99, 0.7. It is obvious from thefigures thatNx(t) andNy(t) decay as time increases.

The behavior ofNz(t)with respect to time t is shown infigure 3 forΦ(t)= t,Φ(t)= t2, andΦ(t)= e t. It follows
thatNz(t) sharply decreases as the parameter η decreases, and it reaches the equilibrium later.

Figure 7.The three-dimensional phase portraits of the solution of system (13), for different values of η andΦ(t)= e twith initial
conditionsNx(0)=Nz(0)= 0, Ny(0)= 100 for and ( )T s11¢ = h, ( )T ms202¢ = h , * 10l = converging to the balance valueN0. It is
evident that reducing the value of η serves as a stabilizingmechanism for the systemdescribed by equations (13).

Table 2.Comparison of the exact solution and approximate solution obtained by the presentmethod and the
proposedmethods in [26], [43], and [25]when η= 1 and tä [0, 1].

Ni(t) t Exact soution Presentmethod Kumar et al [26] Petras [43] Singh [25]

0.1 9.9335 9.9335 9.9335 9.2237 9.9245

0.3 29.1120 29.1120 29.1034 29.0937 29.1080

Nx(t) 0.5 46.7588 46.7588 46.6823 46.7507 46.7732

0.7 62.2060 62.2060 61.8762 62.1921 62.2180

0.9 74.8859 74.8859 73.8911 74.8606 74.8814

0.1 99.0042 99.0042 99.0187 99.0051 99.0213

0.3 94.1113 94.1113 94.1837 94.1166 94.1645

Ny(t) 0.5 85.5915 85.5915 85.5518 85.5942 85.5689

0.7 73.8536 73.8536 73.1630 73.8635 73.7886

0.9 59.4258 59.4258 57.0572 59.4296 59.3782

0.1 9.5163 9.5163 0.0952 0.0952 0.0952

0.3 25.9182 25.9182 0.2592 0.2590 0.2592

Nz(t) 0.5 39.3469 39.3469 0.3935 0.3934 0.3935

0.7 50.3415 50.3415 0.5034 0.5033 0.5034

0.9 59.343 59.343 0.5934 0.5934 0.5934

Table 3.Comparison of theMAEof the presentmethod and the proposedmethods in [26],
[43], and [25]when η= 1 and tä [0, 1].

Ni(t) Presentmethod Kumar et al [26] Petras [43] Sing [25]

Nx(t) 7.1922× 10−17 1.5849 9.5100× 10−2 1.6200× 10−2

Ny(t) 3.2971× 10−16 3.7682 4.0500× 10−2 7.9300× 10−2

Nz(t) 6.5218× 10−23 9.8900× 10−5 7.3754× 10−4 5.0663× 10−6
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Figure 4 illustrates the dynamic relationship between the componentsNx(t) andNy(t) forΦ(t)= t,Φ(t)= t2,
andΦ(t)= e t, and η= 0.99, 0.7 on the complex plane. An arranged spiral is exhibited for η= 0.99, and it is
concluded that decay happensmore rapidly as the value of η decreases.

Infigures 5–7, the entire direction is depicted using the three-dimensional phase portraits forΦ(t)= t,
Φ(t)= t2 andΦ(t)= e t and η= 0.95, 0.85, 0.75with initial valuesNx(0)= 0, Ny(0)= 100 andNz(0)= 0
converging to the balance valueN0.

Remark 4.1.By selecting different forms ofΦ(t), we offer a generalizedmemory kernel beyond integer-order
models. As Almeida noted in [6], theΦ-Caputo derivative is capable of capturing hidden properties of physical
processes by adapting the time scale viaΦ. Therefore, the different functions ofΦ tasted in this paper, theywere
selected to demonstrate how thememory structure and relaxation behavior of the Bloch system can be adjusted
using various time scales. This conceptmay reflect different experimental or biological conditions inMRI
orNMR.

The caseΦ(t)= t corresponds to the classical Caputo derivative andmodelsmemory effects with a uniform
time scales. It is consistent with earliermodels of fractional Bloch equations proposed byMagin et al in [20],
where Caputo derivatives were used to capture anomalous relaxation and dispersion inNMRexperiments.
WhenΦ(t)= t2, it implies that time grows in an acceleratedmanner. This approach is useful formodeling
nonlinearmagnetic field gradients. This type of time variation has been introduced byVelasco in [39]. This
modelmay be suitable for situations inwhich the relaxation rate particularly when the parameterT 2¢ increases
within amagnetic environment. By choosingΦ(t)= e t, memory effects can exponentially increase or decrease.
This timescale is consistent with fast spin processes or relaxation at high energies. The exponentialmodel is
capable of simulating rapid decay, some studies on fractional derivatives with exponential kernels (e.g. Caputo-
Fabrizio or Atangana-Baleanu derivatives) have shown that the equilibriumof system reaches at a faster
rate [45].

Table 2 concludes a comparison between the exact solution of equation (13) and the approximate solution of
presentmethod and proposedmethods in [26], [43], and [25] forΦ(t)= t, and η= 1. Also, table 3 shows the
maximumabsolute error of the presentmethod and the proposedmethods in [26], [43], and [25] forΦ(t)= t,
and η= 1.

Table 4 showsCPU times obtained for the solutions of the systemof equations (13) for themethod presented
here in the casesΦ(t)= t,Φ(t)= t2, andΦ(t)= e t. The computational time of ourmethod is expected,
considering the analytical nature of the solution and the presence of fractionalmemory in themodel.

5. Conclusion

In this paper, we developed a novel procedure for solving the systemofΦ-Caputo fractional Bloch equations.
TheΦ-Caputo fractional derivative provides extra flexibility when analyzing physical samples, thereby revealing
some impressive characteristics especially inmodeling time-dependent non-uniformmemory effects that the
ordinary-order derivative cannot portray. Also by changing the functionΦ(t), we canmodify the time structure
of themodel to bettermatch physical realities such as nonlinearmemory or anomalous dynamics inmagnetic
systems. The new procedure combined both the Adomian decomposition and generalized Laplace transform
methods, whichwe calledΦ-LADP. TheΦ-LADP significantly accelerates the solution process because, theΦ-
Laplace transform converts fractional differential equations into simpler algebraic forms, which leads to faster

Table 4.TheCPU time (seconds) of the presentmethod for
Φ(t)= t, Φ(t)= t2 andΦ(t)= e t

Ni(t) η Φ(t)= t Φ(t)= t2 Φ(t)= e t

0.95 9.426548 13.874438 13.549149

Nx(t) 0.85 9.065340 11.751834 12.459779

0.75 5.748150 6.232823 10.184794

0.95 10.405756 12.959690 14.441258

Ny(t) 0.85 9.523751 12.263305 13.553911

0.75 7.065278 6.627926 12.597419

0.95 7.977690 11.545089 16.419121

Nz(t) 0.85 7.785860 10.942670 16.558750

0.75 5.488590 5.914509 14.904016
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andmore efficient solutions. Additionally, the Adomian decompositionmethod operates on the equations
without requiring discretization or linearization techniques, and it does not need a predetermined step size as in
Runge-Kuttamethods, thereby improving the overall accuracy of the results. This combination reduces the
number of iterations required for convergence, optimizing both computational time andmemory usage. These
features highlight the proposedmethod’s innovation and superiority compared to existing approaches.

Moreover,.We examined these analytical solutionswith diverse functions in place ofΦ(t), and values of
0< η� 1. ConsideringΦ(t)= t, the BEswith ηth-orderΦ-Caputo fractional derivative reduce to the Bloch
equationswith ηth-order Caputo fractional derivative, and by choosing the value of η near 1 (η= 0.99), one
obtains the solution of the corresponding ordinary BEs. The solutions of the systemofΦ-CFBEs did not attain
the balance point with diverse functions in place ofΦ(t) and various values of the fractional order. Therefore, we
did not observe an attractor. Also, we demonstrated the usefulness of the proposedmethod by comparison of the
existingmethods. This study can be extended in the future by exploring various forms of the functionΦ(t), to
achievemore accurate simulation of the dynamic behavior of physical system. This approach has the potential to
be applied in the analysis of complexMRI data, especially under varying boundary conditions or changing
biological parameters. The proposedΦ-LADPmethod can be extended to solve fractional equations in two-
dimensional or three-dimensionalmodeling of biomedical engineering, physics, or biological dynamics
problems.
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